UK-Korea Focal Point Programme in Mathematics:
Geometric Modelling and Computer Graphics, Seoul, Korea

Tangent Plane Contmuon/

September 7, 2011
Min-jae Oh, Kittichai Suthunyatanakit, Tae-wan Kim

Department of Naval Architecture and Ocean Engineering,
Seoul National University
taewan@snu.ac.kr
http://caditlab.snu.ac.kr/



= Surface Interpolation using a Boundary Curve Network
= Features of This Research

= Related Works

= Cl and G! Continuity between Two Curves

= G! Continuity Equation between Two Patches
= G! Continuity Equation among Four Patches

» Generating G! Bézier Surfaces over a Boundary Curve Network
with a T-junction on a Boundary

= Generating G! Bézier Surfaces over a Boundary Curve Network
with a T-junction at a Vertex

= Results
= Conclusion and Future Works
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= Input
— Boundary curve network
— The boundary curves cannot be changed.

= Qutput
— Smooth surfaces
— The surfaces should interpolate the given boundary curves.

Input: Output:
curve network from designer smooth surface model
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= Discrete point interpolation

o
point @ °
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input: points output: patch

= Transfinite interpolation

input: boundary curves output: patch
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output: rectangular patch

r-cd
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input: boundary curves output: CO%-continuous rectangular patch
(piecewise Bézier patches)
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= Independent control point of derivatives anng edges except at corners

= Rational patches

=  Different twists at corners

=  Discontinuous derivative at corners

—
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= Zero corner weight = singular problem at corners
= Higher degree of the derivative than its boundary
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boundary Bézier curves CO-continuous Bézier patches
(piecewise Bézier patches)

Gl-continuous Bézier patches G!-continuous Bézier patches.
with a T-junction No parameters between two patches
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Feature

Contents

Interpolation

Transfinite interpolation over a curve network with a T-junction

- First method to interpolate a T-junction
- Interpolate all given curve network
- Extension of Coons patch

Feature curve is important - does not change the given boundary
curves
Inverse problem

Surface parameter

No surface parameters by users - generating G! surface

Surface type

Rectangular Bézier surface
Polynomial basis

Input curve
network

A T-junction on a boundary curve

A T-junction at a vertex (degenerate case) can be avoided by
subdivision

valence 3 and 4

5 sided patch can be subdivided into two rectangular patches with
a T-junction

Solution type
(local or global)

Constructive method (local method)

- Solving vertex G! constraints and edge G! constraints separately

Easy to understand

Explaining in terms of control points of surface
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valence 3 valence 4 valence 5
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5- S|ded Patch (1/2) —

3-valent
vertex

T-junction
on a boundary curve
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= Previous method

L/

= Proposed method

L/

T-junction
on a boundary
curve

Tangent Plane Continuous Bézier Surface Interpolation 12
with T-junction



Relate orks

——
—

with T-junction

— — — ———— —  ——————m
paper input curve network output surfaces solution keep original
type curve
constructing face type valence curve type surfaces type conti network
a boundary nuity unchanged
curve type degr | type degree evenin
ee singular
cases
Q. Liu et al. given 4 sided face | 4b Bézier 3 rectangular Bézier 4x4 Gt global Yes
(1994)
T. Hermann | given 4 side face n polynomial 5 Gregory patch 5x5 G2 local Yes
(1995)
X. Shi et al. given 4 sided face n B-spline 5 rectangular B-spline | 5x5 Gt local No
(2004) surface with interior
single knots
X. Che et al. given two NURBS - NURBS n rectangular NURBS nxn Gt - -
(2005) surfaces surface
D.-Y. Cho et | given 3,4,5,6sided | 3,4b 5 | Bézier n triangular Bézier n+3 G! local Yes
al. (2006) face, -
T-junction at rectangular Bézier (n+2)
a vertex?@ x(n+2)
Y. Liu, S. interpolated 3 sided face n Bézier 4 triangular Bézier 5 -Gt local No
Mann (2008) | from mesh
W.-H. Tong interpolated 3 sided face n C? approximated triangular Bézier 7 Gt local Yes
and T.-W. from implicit boundary with
Kim (2009) surface normal curvature
K.-L. Shi. et | interpolated 4 side face n B-spline 9 rectangular B-spline | 9x9 G2 local No
al. (2010) from mesh Coons
This study given T-junction 3, 4b, Bézier 3 rectangular 5x5 G! local Yes
ona T- Bézier
boundary shape
and at a
vertex
a 5-, 6-sided faces and T-junction can be dealt with by subdivision.
b Opposing pairs of curves should meet collinearly.
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Configuration of curve Singularity of . . o
Valence network Vertex G! condition Possible to overcome singularity?
)\ Three arbitrary Non-singular Least Squares Solution
curves
3-a
3
Two adjacent . Subdivide into three rectangular patches with T-
Singular . .
3-p curves junction on a boundary
%\ Four arbitrary No Solution with the curve network unchanged
curves
4-a
An opposite
4 collinear Singular No Solution with the curve network unchanged
curves
4-b
Two opposite Least Squares Solution
collinear (N/S condition for the system to have solutions
curves is derived)
4-c
* Five arbitrary Non-singular Least Squares Solution
curves
5 5-a
An adjacent
collinear Singular No Solution with the curve network unchanged
5-b curves

Alded De5|gn VoI 38, No 6 pp. 641 660, 2006.
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Cl-continuous surfaces Gl-continuous surfaces
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Cross-I_D

—
e

Bézier surface:

b(uv)= D3 b, B () B2 (v)

i=0 j=0
Off-boundary curve (cross-derivative curve):

(V)= job B (v)

Cross-derivative vector:

r,(v)=r(v)-b(0,v)
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1# 1@ (@)

1$ @ @ @
® @ ®
+~ Mmicro-boundary
micro patch micro patch
end vertex S, macro patch S5 end vertex
of T-boundary of T-boundary
T-junction Z
hN ©,
% P o ————— o ®
S~ T-boundary
(macro-boundary)
macro patch
S,
" @ o 1(
@
1& 7"
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: T-junction on the boundary

> initial control points on a
cubic Bézier boundary curve

O : control points on a quintic patch

2
J T ‘b." -
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« 3 vectors in a plane (algebraic G! cndition)
a(t)-a(t)+AB(t)-b(t)+y(t)-c(t)=0
» 4 points in a plane (geometric G! condition)

ro [1-A0 ] p@+ A1) r(t) =[1- (t)]-ay () + (1) -0, (t)
degree:1 5 1 5 4 2 4 2

= We can write the equation using explicit expressions
using Bézier control points:

I (’TO Po+ % ro): (ﬁo o + 4 ql), k=0

. S i m e - ===

vertex 6! gygtgmlnt Ls[j“o /10:1:?1:| = [_ (ﬂipo +/11r0)+ 2 (ﬁoql +ﬂoQ2)+4'(/_11q0 + /ulql)] _________ k_:]'_ JI
I 1 AT T R T T T T

. I ’To 4 0 O P2 _5'(11p1+j1r1)+(ﬁ0q2+/Joq3)+8'(/v_ﬁq1+ﬂlq2)+6'(ﬁ2qo+/v‘2ql) |

egge 1 constraint : | - — r, _ _ B |
eage Glsystem: 1014 A do Aol =) 4 (7l + 40)+8: (Al + 450, )+ 6- (Ao + 1) |

T 3 _
I. 0 0 4 4 r, —5‘(%p4+20r4)+6'(ﬁ2q2+ﬂzq3)+8'(/_’3q1+,u3q2)+(ﬁ4qo+/J4ql) :

vertex G! constraint :L _
vertex 81 system: 5[,11 jl{p“

r } = [_ (Zops +/10r5)+4'(/_13(b +ﬂ3Q3)+2‘(ﬁ4q1 +ﬂ4Q2)] k=6

5 3

where )= 3P BF ()= 3 ()~ 0,820

i=0 i=0
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= G! continuity equation along the each patch

e 37 ', k=0:(% p3+2 d) = (@ ab+ . af)
' k=1:5-G pl+ 20 ) = — (3 pd+ 2 ) +2-(&) ol + 14 ab) +4- (@) a) + 14 @)
k=2:10-(10"p§+/11jr2j)=
—5-('pl + 4/} + (@l + ulad) +8-(@a) + pia}) +6-(zlal + wial )
N k=3:10'(10"p§+/10"r3")+1O~(/lepg+/11"r2")=
el ‘. zlal + ol )+8-(wal + iad)+6-(mlal + ulal)
k=4:10-(F'p) + 4ir)) =
—5.(Zpi+ A r))+6-(@lal + wlal )+ 8- (@al + rdal)+ (@/al + uial),
k=5:5-(2'p} + 2'r) )=~ (iipd + drd )+ 4-(mla} + da )+ 2- (mla) + pial)
k=6:(7/p) +ir))=(ala} + o)

@ : control point of the cubic Bézier boundary curve

O : control point of the degree-elevated boundary curve Where 1=1234.
for the quintic Bézier patch

[1=A(1)]- () + A(t) - 1 (t) =[1— 2e(t) - O, () + 2(1) - G, (1)
degree:1 5 1 5 4 2 4 2
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@ : control point of the cubic Bézier boundary curve

O : control point of the degree-elevated boundary curve
for the quintic Bézier patch

[1-2()]-p) + A1) - 1 (1) =[1- (V)] -6, () + 2(t) -0, (V)

degree: 1 5 1 5 4 2 4 2
* D.-Y. Cho, K.-Y. Lee, T.-W. Kim, Interpolating G! Bézier
surfaces over irregular curve networks for ship hull design,

Computer-Aided Design Vol. 38, No. 6, pp. 641-660, 2006.

Tangent Plane Continuous Bézier Surface Interpolation
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= vertex Gl system

A A 0 0t rhs: ()
0 & 2 0|t | |rhsi(u)
0 0 A& A|ty] |rhsi(d)
z, _
=0, A0 0 i\t,) (rhs!(y)
where
rhsj:—(ﬂ_lj +11q”1) (2+4,/,L1Xq1 )+60+2y0"(q§—q1"),
4 .
det = [T ~ 14 =0,
j=1 j=1
j=12.34.
This system can be solved with
1 Ak BA A Aok
M‘ﬁzi% N %J
oo S Ak KA WA AA
. ”1‘20(%+% % ﬂ?%]’
= edge G! system
j
B0 o\P (sl
10 2 A A= hsi)
0 0 & )" (i)
3

if 23=Al, this system will be singular.
we can solve this system with :—g(yg—4;ﬁi—4yg+ﬂj)

21
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A A 0
) R
o 0 A
A 0 0

G! condition of the edge can be solved

0
0
A5
A

[y

~ ~ ~ -
w N

IN

Four G! conditions are coupled at corner
vertex - Vertex G! condition

rhs; ()
rhs; ()
rhs? (u)

rhs; (14')

independently - Edge G! condition

A A0
0|7 A A
0 0 A

» Solve using Least Squares Method

0
%
A

j
P
ry
j
P3
r;

rhs} (1))
=| rhs}(«;)
rhs} ()
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Whatisa l-junction?

T-junction on a car body curve network T-junction on a ship hull curve network
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Tangent Plane Continuous Bézier Surface Interpolation
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We should stop extending the
boundary curve at the narrow
area of the boundary curves.

The more boundary information
IS not necessary in the narrow
area for representing the model.

We need an interpolation
method for T-junction when the
boundary curve stopped at T-
junction.




knots

B-spline boundary curves

Exact
boundary

—t

j__

knots \——4’—‘\’/‘\

Surfaces with same boundary curves

Tangent Plane Continuous Bézier Surface Interpolation
with T-junction
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There will be T-junctions when
we interpolate the boundary
curves without changing.

It is possible to generate one
surface with changing boundary
curves.




Gap with B-splines patch No gap with T-splines*

* T. W. Sederberg, et. al., “T-splines and T-NURCCs,” SIGGRAPH 03

Tangent Plane Continuous Bézier Surface Interpolation
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The gabs among the surfaces
cause many errors in
CAD/Graphics systems.

The numerical errors from the
gabs are decrease when we
allow the T-junction because the
surface model with T-junction
can be watertight.

T-splines is the one of the
solutions for T-junction.

- not popular in current CAD
system
- not inverse problem




= Subdivision method

— subdivide the region to avoid the T-junction
— triangles can appear = change triangle into rectangle

— split curves are added

T-junction

Spllt curves

T T

-~

1. D.-Y. Cho, K.-Y. Lee, T.-W. Kim, Interpolating G! Bézier surfaces over irregular curve networks for ship hull design, Computer-

Aided Design Vol. 38, No. 6, pp. 641-660, 2006.
2. K.-L. Shi, S. Zhang, H. Zhang, J.-H. Yong, J.-G. Sun, G2 B-spline interpolation to a closed mesh, Computer-Aided Design, Vol.

43, No. 2, pp. 145-160, 2011.
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Two Types of T—jUﬂCtIO ]

. —_—— — —

Normal vector is
singular at corner

T-junction on a boundary T-junction at a vertex
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Boundary curve network
with a T-junction

0i-0®--0——
B -

T-junction
on a boundary
curve

1. Generation of initial
Bézier surfaces using the
Coons patch method

3. Solving edge G! constraints on

the T-junction with subdividing
vertex G' constraint

2. Solving vertex G' constraint
around the T-junction without
the T-junction

pm————— -

O
Ve -

N e f -

boundaries

.........

Tangent Plane Continuous Bézier Surface Interpolation
with T-junction

4. Solving the vertex and edge G'
constraints for the other

5. G! surface with a T-junction
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A\ : auxiliary cross derivative
control point for the S, and S;
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G! constraint between two patches :

[1-2(0)]-p@) + At) - r(t) = [1~ w(t)]- 0, (1) + (1) - O, (1)
L0 -0 0_0.g__c degree:1 5 1 5 4 2 4 2

vertex Gl constraints:

" ; i k=0: (’Topo"'joro):(ﬁoqo"',uoql)f

—————— S k=1: 5'(10p1+10r1) =
_(’Tipo+j1ro)+2'(ﬁoq1+ﬂoq2)+4'(/_ﬁqo+/‘1q1)’

_(Iop5 +Aor5)+4'(/_13q2 +ﬂ3q3)+ 2'(/_14Cl1 +/U4q2)’
k=6: (’Eps +/11I‘5) = (/_14CI2 +:U4Q3)’

P11, P4 Ty : vertex enclosure control points
P,.I,,P;.1;: edge enclosure control points
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Solving:Edge Gt Constraint Aroundd

e

—— eI

edge G! constraints:
k=22 10(Zp, + 8, ) ==5( APy + A0, )+ (ThoQl, + 115015)
+8( 10, + 240, ) + 6 (1,0, + 160, )+
k=31 10(%gP; + A ) +10(4p, + A, )
=4( [0, + 40, ) +8( 1,9, + 4,9, )+ 6( o + 149, )
k=4: 10(Zp; + 4t ) =—5(Ap, + Aot )+ 62,0, + 1,05
+8( 2,0, + £, )+ (HiGo + 44,01 ).

vertex G! constraints
along the edge between S; and S;
with quadratic 4 :

k=1: 5(Jp;+A4r) =
27+ 503 ) 2 o+ 44 ) 5 0 + )

o -+
subdivision constraint :
These constraints can <—— 50 3l A3
B B =q;,
be one constraint with P:B; (¢)+ 1By (¢) =0,
o , 1 and we know
‘o =By(c), m =g D =B (C)+P,BY (€)+p,B2 (¢)+pyBE (¢)+p,BE (c),
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Solving Edge:G Constraint Around et

» Edge G! system with a vertex G! system
for the T-junction

107, 104, 0 0 |[p,] [rhsi(s)
104, 104 104 104, ||, rhs, (x,)
0 0 104 104 ||Ps| |rhs, ()]
5B;(c) 0 5Bj(c) 0 LK rhs,

where

rhs, (4,)= _5(11531 + /71r1)+ (o9, + 10013 ) +8( 10, + 140, ) + 6( 4,00 + 16,0, ),
rhs, (14,) = 4(74Q; + 405) +12( 1,0 + 1,0, ) + 4 (el + 4501 )

rhs, () = =5( A, + Aok, )+ 6 (1,0, + 11,005 ) +8( 0y + 140, ) + (HyGo + 14,01 )
rhs, = 2( 0 + 1603 ) +5( s + 1a; ) - 2(47p5 + 4763 )

—5(103 (PoBs (¢)+piB (c)+p.B; (c))+ 4 (piB; (¢) +P.B; (¢)+psBy (c)))

and
3 _l 3 13
m=eh =4
A : Auxiliary cross-derivative 4 if dy#A
control point for the S, and S, rank(A):{3 =i

If 4 =4 then the solution exists
if the following equality holds :

Z(0)-p(t)+ () r(t) = )0, (1) + (V)0 (1) ty =2 (i + B+ Ay — 1),
* (a,b,c,d)=degree of ( 4, surface, u, boundary) 6
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[1-A0)]-p() + A1) - r(t) = [1- (1) ]- 0, () + () - 0, (8)

Tangent Plane Continuous Bézier Surface Interpolation
with T-junction

In general, 4, # 4.

If s, and S, are one patch, 4, =4
from tensor product surface property.

We cannot generate G! surface

LN | [ N -




= If we use linear scalar welght functlon A it does not satisfy t subdlwsnon
of cross-derivative curve.

* We need a weight function which is more than quadratic.

e [1-2()]- p(t) + A() - T (t) =[1— w(®)]- G, (V) + 2(1) -, (©)
2 5 2 5 5 2 5 2

R |

Linear v‘\'/eight function Q\L’Jadrati\c': weig;t funcjc'ion
Ay = A, usually the given boundary curve =4, and 4, #4,

is not satisfied with this condition.
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Example of a T-junction on Lines of reflection from a CO surface Lines of reflection from a G surface
a boundary curve network constructed from Coons patches constructed from our algorithm
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Example of a T-junction on a boundary

PP N A N A P P T T | SO R PR

Lines of reflection from a C° surface Lines of reflection from a G! surface
constructed from Coons patches constructed from our algorithm
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Shaded Ship:Hull Surfac
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CL5P9ns patches
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CO Gebpyrfatehes
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Surface Interpolation

Bézier

Tangent Plane Continuous
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CO (@osisrfzatehes
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Verifying the:G* Continuit

m———

= Reflection lines

Lines of reflection from a C° surface Lines of reflection from a G! surface
constructed from Coons patches constructed from our algorithm

= Angle between two patches along the common boundary

=0 or

[V =[n, =n.[ =0
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|fy|ng the G1 Contlnwt

—— — —

m CO° Coons patches

S ,-.._._._,.",. =

'

e
T

e
e e e —
= e e

e o

- max. angle: 10.3159¢, distance: 0.179803

- average: 0.117509°

N

¥---:\\\:§
\
ey

——

B Final G! Bézier patches

- max. angle: 0.000334¢°, distance: 5.82808e-6

- average: 2.12021e-5°

1.0e-1°

1.0e-2°

1.0e-3°

1.0e-4°

1.0e-5°

\ N
N ] L =
—| y J y 2 p 4 ——
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boundary curve network
with a T-junction
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Con

» Theorem. If there are G continuous Bézier surface
with a T-junction at a 3-valent vertex,

then ((a} ~t).ng) =k (a2 —a?).n,)

= We can prove the theorem using the
twist compatibility property
from the boundary curves.

= In general, given boundary curves does not
meet the condition in theorem.

» So we suggest a subdivision method with T-junctions.
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boundary curve network subdivision for degenerated surface
with a T-junction
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T-junction at Corner - Two T-Junctlon :

T-junction on a boundary

T-junction on a boundary
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Outline ofithe Algorithm :

diviSio

(Gt Surfacesinterpolatio

Boundary curve Network
with a T-junction at a
vertex

1. Generation of initial
Bézier surfaces using the
Coons patch method

4. Determining vertex
enclosure control points
for the side vertices

5. Determining edge
enclosure control points
for the big boundaries

8. Determining vertex
enclosure control points
for the new vertex and

the T-junction

9. Determining edge
enclosure control points
for the remained edges

< l ‘

2. Determining four
vertex enclosure control
points

—>»

|

6. Subdividing the off-
boundary curves

3. Determining vertex
enclosure control points
for big patches

7. Generation of
subdividing boundary
curves

G! tensor-product Bézier
surfaces

Tangent Plane Continuous Bézier Surface Interpolation
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G? atithBérer Bézéacasrfaces
using the Coons patch
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=  Conclusion

— G! surface generating method for a T-junction on the boundary is presented.
» The auxiliary cross-derivative curve is proposed.
* The boundary curve network is unchanged.
= Subdivision is not necessary.

— G! surface generating method for a T-junction at a vertex is presented.
» The constraint for the G! surface at a T-junction is proposed.
» The subdivision method is proposed for the degenerate patch.
» The subdivided patches make a T-junction on a boundary curve.

— These are the first methods to construct G! surface from the boundary curve
network with T-junction.

= Future works
— Interpolation with many T-junctions on a boundary curve.
— Transfinite interpolation of B-spline boundary curve network.
— Generating the G? surfaces with a T-junction.
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